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CS-RICKART MODULES
A. N. ABYZOV AND T. H. N. NHAN
Abstract. In this paper, we introduce and study the concept
of CS-Rickart modules, that is a module analogue of the concept
of ACS rings. A ring R is called a right weakly semihereditary
ring if every its finitly generated right ideal is of the form P ⊕ S,
where PR is a projective module and SR is a singular module. We
describe the ring R over which Matn(R) is a right ACS ring for
any n ∈ N. We show that every finitely generated projective right
R-module will to be a CS-Rickart module, is precisely when R is
a right weakly semihereditary ring. Also, we prove that if R is
a right weakly semihereditary ring, then every finitely generated
submodule of a projective right R-module has the form P1 ⊕ . . .⊕
Pn ⊕ S, where every P1, . . . , Pn is a projective module which is
isomorphic to a submodule of RR, and SR is a singular module.
As corollaries we obtain some well-known properties of Rickart
modules and semihereditary rings.
1. Introduction
Throughout this paper, all rings are assumed to be associated with
a nonzero unity element, and all modules are assumed to be unitary
right modules. The notations N EM , or N ≪ M mean that N is an
essential (or large) submodule of M , or N is a superfluous (or small)
submodule of M , respectively. The largest singular submodule of M
will be denoted by Z(M).
The concept of p.p. rings was first introduced by Hattori in 1960
(see [9]), and further studied by many authors (see, for example, [2, 7,
11]). A ring R is called a right p.p. ring (or a Rickart ring) if every
principal right ideal of R is to be projective, or equivalently, if the
right annihilator of each element of R is generated by an idempotent
as a right ideal. According to [15], the notion of Rickart rings was
generalized to a module theoretic version. A right R-moduleM is called
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a Rickart module if for every ϕ ∈ S = EndR(M) then Kerϕ = eM for
some e2 = e ∈ S. The notion of dual Rickart modules was introduced
in [17]. A module M is called a d-Rickart module (or a dual Rickart
module) if for every ϕ ∈ S = EndR(M) then Imϕ = eM for some
e2 = e ∈ S. Many characterizations of Rickart modules and d-Rickart
modules are given in [15, 17]. Article [16] has described the class of rings
over which each finitely generated projective right module as a Rickart
module. Moreover, the authors also studied the structure of rings over
which direct sums of Rickart modules are also Rickart modules.
A ring R is called a right ACS ring if the right annihilator of every
element of R is an essential submodule of a direct summand of RR (see
[18, 19]). The concept of ACS rings has been studied in articles [18,
19, 28], is a proper generalization of Rickart rings. It is known that
R is a right ACS ring which is also a right C2-ring if and only if R is
semiregular and J(R) = Zr(R) (see [19, Theorem 2.4]).
Recall that a module M is called an SIP module (respectively, SSP
module) if the intersection (or the sum) of any two direct summands of
M is also a direct summand of M . Modules having the SIP or the SSP
have been studied by many authors (see [8, 10, 25]). It is shown that
every Rickart module has the SIP and every d-Rickart module has the
SSP (see [15, Proposition 2.16] and [16, Proposition 2.11]).
A moduleM is called an SIP-CS module if the intersection of any two
direct summands of M is essential in a direct summand of M . We say
that a submodule N of a module M lies above a direct summand of M
if there is a decompositionM = N1⊕N2 such that N1 ⊂ N and N2∩N
small in N2. A module M is called an SSP-d-CS module if the sum
of any two direct summands of M lies above a direct summand of M .
While SIP-CS modules are proper generalizations of both SIP modules
and CS modules (see [12, 13]), SSP-d-CS are proper generalizations of
both SSP modules and d-CS modules (see [22).
A module is called a CS module if every its submodule is essential
in a direct summand. Dually, a module is called a d-CS module (or a
lifting module) if every its submodule lies above a direct summand(see
[5, 6]).
In this paper, we introduce and study the notion of CS-Rickart mod-
ules, that is a module analogue of the notion of ACS rings. A module
M is called a CS-Rickart module if Kerϕ is essential in a direct sum-
mand of M for every ϕ ∈ S = EndR(M). Dually, a module M is
called a d-CS-Rickart module if Imϕ lies above a direct summand of
M for every ϕ ∈ S = EndR(M). In [1] CS-Rickart modules were first
introduced and some of the results of this paper have been presented
without proof as a brief communication.
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In Section 2, we provide some characterizations and investigate their
properties. We show that any direct summand of a CS-Rickart module
or CS-Rickart module inherits the property (see Lemma 2.1), while
this is not so for direct sums (see Example 3.9). We show that the
class of rings over which every right module is CS-Rickart, is precisely
the class of rings over which every right module is d-CS-Rickart (see
Lemma 2.6). We show that every CS-Rickart module has the SIP-CS
and every d-CS-Rickart module has the SSP-d-CS. Also we prove that,
the right ACS and the right essentially Baer properties coincide for a
ring with the minimum condition on right annihilators (see Proposition
2.11).
In Section 3, we establish connections between the CS-Rickart prop-
erty of a module and its d-CS-Rickart property (see Theorem 3.3) which
is a generalization of [19, Theorem 2.4]. We also give conditions for a
finitely generated projective module to be a CS-Rickart module which
is also a C2 module (see Theorem 3.5, Theorem 3.6). We conclude
this section with conditions which allow a direct sum of CS-Rickart
modules (respectively, d-CS-Rickart modules) to be CS-Rickart (or d-
CS-Rickart) (see Theorem 3.7, Theorem 3.10).
We call a module MR is a weakly semihereditary module if every
finitely generated submodule of M is of the form P ⊕ S, where PR is
a projective module and SR is a singular module. A ring R is called a
right weakly semihereditary ring if the module RR is weakly semihered-
itary. In Section 4, it is shown that every finitely generated projective
right R-module will to be a CS-Rickart module, is precisely when R
is a right weakly semihereditary ring. Also we prove that R is a right
weakly semihereditary ring if and only if every finitely generated sub-
module of a projective right R-module has the form P1⊕ . . .⊕Pn⊕ S,
where every P1, . . . , Pn is a projective module which is isomorphic to a
submodule of RR and S is a singular module.
Our results in this paper also give uniform approaches to the works
in [15], [16], [17], [19], [28].
2. Preliminary results
The following lemmas can be verified directly. They show that every
direct summand of a CS-Rickart module (or d-CS-Rickart module) is
inherited the property; direct sums of CS-Rickart modules (or d-CS-
Rickart modules), submodules of CS-Rickart modules are inherited the
property by some conditions.
Lemma 2.1. The following implications hold:
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(1) Every direct summand of a CS-Rickart module is a CS-Rickart
module.
(2) Every direct summand of a d-CS-Rickart module is a d-CS-
Rickart module.
Lemma 2.2. Let M =
⊕
i∈I Mi and Mi is a fully invariant submodule
of M for every i ∈ I. Then the following implications hold:
(1) If I is an arbitrary index set then M is a CS-Rickart module if
and only if each Mi is a CS-Rickart module for every i ∈ I.
(2) If I = {1, . . . , n} then M is a d-CS-Rickart module if and only
if each Mi is a d-CS-Rickart module for every i ∈ I.
Lemma 2.3. Let M be a CS-Rickart module, and let N be a fully in-
variant submodule of M . If every endomorphism ϕ ∈ EndR(N) can be
extended to an endomorphism ϕ ∈ EndR(M), then N is a CS-Rickart
module.
While every direct summand of CS-Rickart module inherits the prop-
erty, this is not so for direct sums (see Example 3.9). We give conditions
which allow direct sums of CS-Rickart modules to be CS-Rickart.
Lemma 2.4. Let A be an uniform hereditary right R-module, B be a
singular uniform Artinian right R-module. Then the following state-
ments hold:
(1) A⊕ B is a CS-Rickart module.
(2) If B is not an A-injective module, then A ⊕ B is not a CS
module.
Proof. (1) Let f ∈ EndR(A ⊕ B) is an injective homomorphism and
pi is the projection from A ⊕ B to A. Since A is a hereditary module
and B is a singular module, pif(B) = 0 and so Ker(pif) = A0 ⊕ B,
where A0 is a direct summand of A. Since A is an indecomposable
module, either A0 = A or A0 = 0. If A0 = 0 then Kerf = Kerf|B
and so Kerf E B. Otherwise, A0 = A. Then the homomorphism
f induces a homomorphism from A to B and so Kerf|A E A by the
singularity of B. If Kerf|B 6= 0 then Kerf E A ⊕ B. If Kerf|B = 0
then f induces an isomorphism from B to B since B is an Artinian
module. Therefore, for any element a ∈ A there exists b ∈ B such that
f(a) = f(b) and so f(a− b) = 0. Thus piKerf = A, Kerf ∩B = 0 and
hence Kerf ⊕B = A⊕B.
(2) Since B is not an A-injective, then there exists a submodule A0
of A and a homomorphism f : A0 → A which cannot be extended to a
homomorphism from A to B. If the module A⊕B is a CS module, N =
{a+ f(a) | a ∈ A0}E e(A⊕B) for some e = e
2 ∈ EndR(A⊕B). Since
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Z(e(A⊕ B)) = 0, Z(A⊕ B) = B ⊂ (1 − e)(A⊕ B) and consequently
B = (1 − e)(A ⊕ B). As a result A ⊕ B = e(A ⊕ B) ⊕ B. This leads
to e(A ⊕ B) = {a + f ′(a) | a ∈ A}, f ′|A0 = f for some homomorphism
f ′ : A→ B. This contradiction shows that the module A⊕B is not a
CS module. 
Example 2.5. If R is a Dedekind domain and P is a nonzero prime
ideal of R, then it is deduced from the previous lemma that R-module
R⊕ (R/P n), where n is a natural number, is a CS-Rickart module and
is a direct sum of CS modules but is not a CS module.
We now describe the class of rings over which every module is a
CS-Rickart module.
Lemma 2.6. The following conditions are equivalent for a ring R:
(1) Every right R-module is d-CS-Rickart.
(2) Every right R-module is CS-Rickart.
(3) R is a left and right Artinian serial ring with (J(R))2 = 0.
Proof. The implications (3) ⇒ (1) and (3) ⇒ (2) are concluded from
[24].
(1) ⇒ (3). According to [24], it suffices to show that every right
module over the ring R is a lifting module. LetM be an arbitrary right
R-module and N be a submodule of M . Consider the module N ⊕M
and the homomorphism f ∈ End(N⊕M) is defined by f(n,m) = (0, n).
Then f(N ⊕ M) = (0, N) lies above a direct summand of N ⊕ M .
Consequently, the module N lies above a direct summand of M .
(2) ⇒ (3). According to [24], it suffices to show that every right
module over R is a CS module. Let M be an arbitrary right R-module
and N be a submodule of M . Consider the module M ⊕ (M/N) and
the homomorphism f ∈ End(M ⊕ (M/N)) is defined by f(m,n) =
(0, m + N). Then for some idempotent e ∈ End(M ⊕ (M/N)), the
module e(M ⊕ (M/N)) is an essential extension of the module Kerf =
(N,M/N). Consequently, the direct summand e(M⊕ (M/N))∩ (M, 0)
of (M, 0) is an essential extension of (N, 0). 
It is easy to see that a right Rickart module (respectively d-Rickart
module) is a right CS-Rickart module (or d-CS-Rickart module), but
the converse is not true, in general. A module M is called a K-
nonsingular module if, for every essential submodule N ofM and every
homomorphism ϕ ∈ EndR(M), from the equation ϕ(N) = 0 implies
that ϕ = 0. Dually, a module M is called a T -noncosingular module
if, for every homomorphism 0 6= ϕ ∈ EndR(M), Imϕ is not small in
M . We now establish a connection between CS-Rickart modules and
Rickart modules. The following two lemmas can be verified directly.
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Lemma 2.7. For a right R-module M , the following conditions are
equivalent:
(1) M is a K-nonsingular CS-Rickart module.
(2) M is a Rickart module.
Lemma 2.8. For a right R-module M , the following conditions are
equivalent:
(1) M is a T -noncosingular d-CS-Rickart module.
(2) M is a d-Rickart module.
It is known that every Rickart module has the SIP and every d-
Rickart module has the SSP. Our next two propositions show that every
CS-Rickart module has the SIP-CS and every d-CS-Rickart module has
the SSP-d-CS.
Proposition 2.9. Let M be a CS-Rickart module and S = EndR(M).
Then the following statements hold:
(1) If A = eM , B = fM for some e2 = e ∈ S and f 2 = f ∈ S,
then there exists g2 = g ∈ S such that eM ∩ fM E gM .
(2) If AE eM , BE fM for some e2 = e ∈ S and f 2 = f ∈ S, then
there exists g2 = g ∈ S such that A ∩ B E gM .
(3) For arbitrary ϕ1, ..., ϕn ∈ S, there exists an idempotent e ∈ S
such that
⋂
16i6nKerϕi E eM .
(4) M is an SIP-CS module .
Proof. (1) Since (1−e)M ⊂ Ker(1−f)e, this implies that Ker(1−f)e =
eM ∩Ker(1− f)e⊕ (1− e)M = eM ∩Ker(1− f)⊕ (1− e)M . There
exists h2 = h ∈ S such that Ker(1−f)eEhM due toM is a CS-Rickart
module. Since (1−e)M ⊂ hM , it follows that hM = hM ∩ (eM ⊕ (1−
e)M) = hM∩eM⊕(1−e)M . Thus eM∩Ker(1−f)⊕(1−e)MEhM∩
eM ⊕ (1−e)M and so eM ∩fM = eM ∩Ker(1−f)EhM ∩eM . Since
eM ∩ hM is a direct summand of hM , eM ∩ hM is a direct summand
of M .
(2) and (4) follow from (1) while (3) follows from (2). 
Proposition 2.2 of [18] gives a proposition of right ACS and left C3
rings. It follows from the previous proposition that we can remove the
assumption R is a left C3 ring.
Corollary 2.10. Let R be a right ACS. Then for any x1, . . . , xn of R,
there exists an idempotent e ∈ R such that rR(x1, . . . , xn)E eR.
We recall that a ring R is called a ring with the minimum condition
on right annihilators if R does not contain an infinite descending chain
of right ideals that are right annihilators of subsets of R. A ring R
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is called a right essentially Baer ring if the right annihilator of any
nonempty subset of R is essential in a direct summand (see [4, Defi-
nition 8.1.1]). It follows from the previous proposition that, for a ring
with the minimum condition on right annihilators, the right ACS and
the right essentially Baer properties coincide.
Corollary 2.11. Let R be a ring with the minimum condition on right
annihilators. Then the following conditions are equivalent:
(1) R is a right ACS ring.
(2) R is a right essentially Baer ring.
Proposition 2.12. Let M be a d-CS-Rickart module and and S =
EndR(M). Then the following statements hold:
(1) If A = eM , B = fM for some e2 = e ∈ S and f 2 = f ∈ S,
then there exists g2 = g ∈ S such that A+B lies above gM .
(2) If A lies above eM , B lies above fM for some e2 = e ∈ S and
f 2 = f ∈ S, then there exists g2 = g ∈ S such that A + B lies
above gM .
(3) For arbitrary homomorphisms ϕ1, ..., ϕn ∈ S, there exists an
idempotent e ∈ S such that
∑n
i=1 Imϕi lies above eM .
(4) M is an SSP-d-CS module.
Proof. (1) Since M is a d-CS-Rickart module, there exists h2 = h ∈ S
such that hM ⊂ (1 − e)fM and (1 − h)(1 − e)fM ≪ M . Since
eM + fM = eM ⊕ (1 − e)fM , it follows that eM + fM = eM ⊕
hM ⊕ (1− h)(1− e)fM . Therefore, according to [5, 22.1], the module
eM + fM lies above the direct summand eM ⊕ hM of M .
(2) and (4) follow from (1), and (3) follows from (2). 
We give connections between CS-Rickart modules and CS modules;
d-CS-Rickart modules and d-CS modules.
Corollary 2.13. The following implications hold:
(1) If M is a CS-Rickart module and every submodule of MR is a
right annihilator in M of some finitely generated left ideal of
S = EndRM , then M is a CS module.
(2) If M is a d-CS-Rickart module and every submodule of MR is a
sum of finitely many homomorphic images of S = EndRM then
M is a d-CS module.
Proof. (1) If N ≤ M then N = rM(ϕ1, ..., ϕn) for some ϕ1, ..., ϕn ∈ S.
Since M is a CS-Rickart module, by Proposition 2.9, there exists an
idempotent e ∈ S such that rM(ϕ1, ..., ϕn)E eM .
8 A. N. ABYZOV AND T. H. N. NHAN
(2) If N ≤M then N =
∑n
i=1 ϕiN for some ϕ1, ..., ϕn ∈ S. Since M
is a d-CS-Rickart module, by Proposition 2.12, there exists an idempo-
tent e ∈ S such that
∑n
i=1 ϕiN lies above eM . 
3. CS-Rickart modules and C2 condition
Let MR be a module. Every module which is isomorphic to a sub-
module of some homomorphic image of a direct sum of copies of M is
called an M-subgenerated module. The full subcategory of all right R-
modules consists of all M-subgenerated modules is denoted by σ(M).
It is called the Wisbauer category of the module M .
Let M and N be right R-modules. We then define ZM(N) as the
largest M-singular submodule of N , it means that
ZM(N) =
∑
f∈HomR(X,N),KerfEX,X∈σ(M)
f(X).
To prove the main theorem of this section, we give two useful lemmas.
Lemma 3.1. The following statements hold:
(1) If M is a right R-module and P is a projective module in the
category σ(M), then, for any submodule N of P , the following
conditions are equivalent:
(a) N is an essential submodule of P ;
(b) P/N is an M-singular module.
(2) If M is a right R-module, then every nonzero projective module
in the category σ(M) is not an M-singular.
(3) If R-module P is a nonzero finitely generated quasi-projective
module, then ZP (P ) 6= P .
Proof. (1) Let P/N be anM-singular module and f : P → P/N be the
natural homomorphism. There exists an epimorphism g : A→ P/N for
some module A ∈ σ(M) such that Kerg E A. Since P is a projective
module in the category σ(M), there exists a homomorphism h such
that gh = f . Therefore, N = h−1(Kerg)E P .
(2) and (3) follow directly from (1). 
Lemma 3.2. Let M be a right R-module, P be a projective module
in the category σ(M) and N ∈ σ(M). Then, for any homomorphism
ϕ ∈ HomR(P,N), the following conditions are equivalent:
(1) Ker(ϕ)E eP for some e2 = e ∈ EndR(P ).
(2) ϕP = P0 ⊕ S, where P0 is a projective module in the category
σ(M) and S is an M-singular module.
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Proof. (1)⇒ (2). This implication can be verified directly.
(2) ⇒ (1). Let pi be the projection from P0 ⊕ S onto P0. Since P0
is a projective module in the category σ(M), this suggests that P =
Ker(piφ)⊕ eP for some e2 = e ∈ EndR(P ). Then S ∼= Ker(piφ)/Ker(φ)
which is deduced from the previous lemma that Ker(ϕ)EKer(piφ). 
LetM be a right R-module. Denote by ▽(M) the set {f ∈ EndRM |
Imf ≪ M} and △ (M) the set {f ∈ EndRM | Kerf EM}. Now we
establish connections between the CS-Rickart property of a module and
its d-CS-Rickart property.
Theorem 3.3. LetM be a right R-module and P be a projective module
in the category σ(M). Then the following conditions are equivalent:
(1) For any homomorphism ϕ ∈ EndR(P ), we have ϕ(P ) = eP ⊕
P ′, where P ′ is an M-singular module and e2 = e ∈ EndR(P ).
(2) P is a CS-Rickart module satisfying C2 condition.
(3) P is a d-CS-Rickart module satisfying △ (P ) = ▽(P ).
Proof. (1) ⇒ (2). The previous lemma implies that the module P is
a CS-Rickart module. Let P0 be a submodule of P . If P0 ∼= eP for
some e2 = e ∈ EndR(P ), then P0 is a projective module in σ(M).
Consequently, there exists a homomorphism f ∈ EndR(P ) such that
Imf = P0. Since the condition of (1) and Lemma 3.1, P0 is a direct
summand of P .
(2)⇒ (1). The implication is drawn from the previous lemma.
(1)⇒ (3). The inclusion ▽(P ) ⊂△ (P ) is deduced from Lemma 3.1.
First, we prove △ (P ) ⊂ ▽(P ). Let φ ∈△ (P ). Since Ker(1 − φ) = 0
and P satisfies the C2 condition, (1 − φ)P is a direct summand of
P . Consequently, homomorphism 1 − φ is a left invertible. Since △
(P ) is an ideal of EndR(P ), this implies that △ (P ) ⊂ J(EndR(P )).
Therefore, according to [26, 22.2] we have the inclusion △ (P ) ⊂ ▽(P ).
We next demonstrate that P is a d-CS-Rickart module. Let φ ∈
EndR(P ). The conditions of (1) show that φ(P ) = eP ⊕P
′ where P ′ is
an M-singular module and e2 = e ∈ EndR(P ). Let pi be the projection
from eP ⊕ P ′ onto P ′. Lemma 3.1 follows that Kerpiφ E P . Since
△ (P ) = ▽(P ), this implies that piφ(P ) = P ′ ≪ P and so φ(P ) lies
above the direct summand eP of P .
(3) ⇒ (1). Let φ ∈ EndR(P ). Since P is a d-CS-Rickart module,
φ(P ) = eP⊕(1−e)φ(P ) for some e2 = e ∈ EndR(P ) and (1−e)φ(P )≪
P . Thus, (1 − e)φ ∈△ (P ) = ▽(P ) which leads to (1 − e)φ(P ) is an
M-singular. 
Corollary 3.4 ([19, Theorem 2.4]). The following conditions are equiv-
alent for a ring R:
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(1) R is a semiregular ring and J(R) = Zr(R).
(2) The ring R is a right ACS ring which is also a right C2 ring.
(3) If T is a finitely generated right ideal, then T = eR ⊕ S where
e = e2 ∈ R and S is a right singular ideal of R.
Next we give a necessary and sufficient condition for a ring over
which every finitely generated projective module to be a CS-Rickart
module which is also a C2 module.
Theorem 3.5. The following conditions are equivalent for a ring R:
(1) R is a semiregular ring and J(R) = Zr(R);
(2) Every finitely generated projective R-module is a CS-Rickart
module which is also a C2 module.
Proof. The implication (2)⇒ (1) is deduced from Theorem 3.3.
(1)⇒ (2). Let P be a finitely generated projective module. Accord-
ing to [26, 42.11], it follows that every finitely generated submodule of
P lies above a direct summand of P . The implication is drawn directly
from Theorem 3.3. 
Theorem 3.6. Let M be a right R-module, P ∈ σ(M) and S =
EndR(P ). Then, the following conditions are equivalent:
(1) For any ϕ ∈ S, there exists e2 = e ∈ S such that eP ⊆ ϕP ,
(1− e)ϕP ⊆ ZM(P ).
(2) For any ϕ1, . . . , ϕn ∈ S, there exists e
2 = e ∈ S such that
eP ⊂ ϕ1P+. . .+ϕnP and (ϕ1P+. . .+ϕnP )∩(1−e)P ⊂ ZM(P ).
(3) For any ϕ1, . . . , ϕn ∈ S, ϕ1P + . . . + ϕnP = eP ⊕ U for some
e2 = e ∈ S and U ⊂ ZM(P ).
(4) For any ϕ ∈ S, there exists e2 = e ∈ S such that ϕP = eP ⊕U
where U ⊂ ZM(P ).
If P is a projective module in the category σ(M), then these conditions
are equivalent to the condition:
(5) P is a CS-Rickart module satisfying C2 condition.
Proof. The implications (2) ⇒ (3), (3) ⇒ (4) are obvious. The equiv-
alent (1) ⇔ (4) holds true from (1 − e)ϕP ∼= U . If P is a projective
module in the category σ(M), then the equivalent (1) ⇔ (5) follows
from Theorem 3.3.
(1)⇒ (2). We prove the implication by induction on n. When k = 1,
the result is clearly understood. Assume that (2) is true for k = n.
Let ϕ1, . . . , ϕn, ϕn+1 ∈ S, then there are some idempotents e1, e2 ∈ S
such that e1P ⊂ ϕ1P + . . . + ϕnP , (ϕ1P + . . . + ϕnP ) ∩ (1 − e1)P ⊂
ZM(P ), e2P ⊂ ϕn+1P and ϕn+1P ∩ (1 − e2)P ⊂ ZM(P ). There is
an idempotent e0 ∈ S such that e0P ⊂ (1 − e1)e2P , (1 − e1)e2P =
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e0P ⊕ (1− e0)(1− e1)e2P and (1− e0)(1− e1)e2P ⊂ ZM(P ). Then for
some idempotent e ∈ S, we have e1P +e2P = eP ⊕ (1−e0)(1−e1)e2P .
Since (ϕ1P + . . .+ϕnP +ϕn+1P )/eP = (e1P +(ϕ1P + . . .+ϕnP )∩(1−
e1)P +e2P +ϕn+1P ∩ (1−e2)P )/eP = (e1P +e2P )/eP +((ϕ1P + . . .+
ϕnP )∩(1−e1)P+eP )/eP+(ϕn+1P∩(1−e2)P+eP )/eP , it follows that
the module (ϕ1P + . . .+ ϕnP + ϕn+1P )/eP is an M-singular module.
Since (1−e)(ϕ1P+. . .+ϕnP+ϕn+1P ) ∼= (ϕ1P+. . .+ϕnP+ϕn+1P )/eP ,
this implies that (1− e)(ϕ1P + . . .+ ϕnP + ϕn+1P ) ⊂ ZM(P ). 
A module M is called relatively CS-Rickart to N if for every ϕ ∈
HomR(M,N), Kerϕ is an essential submodule of a direct summand of
M . A module M is called relatively d-CS-Rickart to N if for every
ϕ ∈ HomR(M,N), Imϕ lies above a direct summand of N .
Theorem 3.7. Let M = M1 ⊕ . . . ⊕Mn be a C2 right R-module. If
Mi is relatively CS-Rickart to Mj for all i, j ∈ {1, . . . , n} then M is a
CS-Rickart module.
Proof. By [20, Theorem 22] and [27, Corollary 3.2]), we have S =
EndR(M) is a semiregular ring. On the other hand, according to [20,
Theorem 10] and [27, Corollary 3.2]) we have the equalities
J(S) = [J(HomR(Mi,Mj)] = [△ (HomR(Mi,Mj)] =△ [(HomR(Mi,Mj)].
It follows that M is a CS-Rickart module by [26, 41.22]. 
Corollary 3.8. Let M = M1 ⊕ . . .⊕Mn be a right R-module of finite
length. If HomR(Soc(Mi), Soc(Mj)) = 0 for each pair of different in-
dices i, j ∈ {1, . . . , n} and Mi is an indecomposable CS-Rickart module
for every i ∈ {1, . . . , n}, then M is a CS-Rickart module.
The following example shows that a direct sum of CS-Rickart mod-
ules is not a CS-Rickart module, in general.
Example 3.9. Let K be a field and
R =




α1 α2 α3
0 α4 0
0 0 α5

 | α1, α2, α3 ∈ K

 .
Consider
e =


1 0 0
0 0 0
0 0 0


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and
S1 =




0 α 0
0 0 0
0 0 0

 | α ∈ K

 , S2 =




0 0 α
0 0 0
0 0 0

 | α ∈ K

 .
We note that S1, S2 are simple right R-modules and non-isomorphic.
It is clear that eR and eR/S1 are CS-Rickart modules. Now consider
M = eR ⊕ eR/S1. We prove that M is not CS-Rickart. Let ϕ :
eR → eR/S1 and 〈ϕ〉 = {a + ϕ(a) | a ∈ eR}. Then we have 〈ϕ〉 ⊕
eR/S1 = M and 〈ϕ〉 ∩ eR = S1. If M is CS-Rickart then S1 E piM ,
for some pi2 = pi ∈ EndR(M). By Krull-Remak-Schmidt theorem,
piM ∼= eR or piM ∼= eR/S1. But piM ∼= eR is not hold true because
eR is not uniform, so piM ∼= eR/S1. Whenever this happens, we have
a contraction since Soc(piM) = S1 6∼= Soc(eR/S1) ∼= S2. Thus M is not
a CS-Rickart module. Also, in connection with Corollary 3.8, we note
that HomR(Soc(eR), Soc(eR/S1)) 6= 0.
The following assertion is proved similarly to the previous theorem.
Theorem 3.10. Let M = M1 ⊕ . . .⊕Mn be a D2 right R-module. If
Mi relatively d-CS-Rickart to Mj for all i, j ∈ {1, . . . , n} then M is a
d-CS-Rickart module.
We conclude this section with a complete characterization for a mod-
ule when its endomorphism ring is a regular ring. The following state-
ment follows directly from [20, Theorem 29].
Theorem 3.11 ([16, Theorem 2.29], [17, Theorem 5.11]). Let M =
M1 ⊕ . . .⊕Mn be a decomposition of the right R-module M . Then the
following conditions are equivalent:
(1) EndR(M) is a regular ring.
(2) Mi is Mj-Rickart which is also Mj-C2 for each pair of indices
1 ≤ i, j ≤ n.
(3) Mi is Mj-dual Rickart which is alsoMj-D2 module for each pair
of indices 1 ≤ i, j ≤ n.
(4) M is a Rickart module which is also a dual Rickart module.
4. Weakly semihereditary rings
The following two statements can be verified directly from the well-
known facts of perfect rings and semiregular rings.
Lemma 4.1. The following conditions are equivalent for a ring R:
(1) R is a semiregular ring.
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(2) Every finitely generated projective right R-module is a d-CS-
Rickart module.
Lemma 4.2. The following conditions are equivalent for a ring R:
(1) R is a right perfect ring.
(2) Every projective right R-module is a d-CS-Rickart module.
We describe the ring R over which Matn(R) is a right ACS ring for
any n ∈ N.
Theorem 4.3. The following conditions are equivalent for a ring R
and a fixed n ∈ N:
(1) Every n-generated projective right R-module is a CS-Rickart
module.
(2) The free R-module R
(n)
R is a CS-Rickart module.
(3) Matn(R) is a right ACS ring.
(4) Every n-generated right ideal of R has the form P ⊕ S, where
P is a projective R-module and S is a singular right ideal of R.
(5) R-module R
(n)
R is relatively CS-Rickart to RR.
(6) Every n-generated submodule of R
(n)
R has the form P1 ⊕ . . . ⊕
Pn ⊕ S, where every P1, . . . , Pn is a projective module which is
isomorphic to a submodule of RR and S is a singular module.
Proof. The implications (1) ⇒ (2) and (6) ⇒ (2) is obvious. The
implication (2) ⇒ (1) is deduced from Lemma 2.1. The implication
(2) ⇒ (4) and the equivalent (4) ⇔ (5) are concluded from Lemma
3.2. Next we put S = EndR(R
(n)
R ).
(2) ⇒ (3). Let φ ∈ S. Then Kerφ E eR
(n)
R for some idempotent
e ∈ S. We will prove that rS(φ) E eS. The inclusion rS(φ) ⊂ eS
is verified directly. Let g ∈ eS be a nonzero homomorphism. Since
gR
(n)
R ∩Kerφ 6= 0, there is a homomorphism h ∈ S such that φgh = 0
and gh 6= 0. Hence rS(φ)E eS.
(3) ⇒ (2). Let φ ∈ S. Then rS(φ) E eS for some idempotent
e ∈ S. We will show that Kerf E eR
(n)
R . If m ∈ Kerf then for some
homomorphism g ∈ S, we have gR
(n)
R = mR and φg = 0. Then eg = g
and hence m ∈ eR
(n)
R . Let m be a nonzero element of eR
(n)
R , then
there is a nonzero homomorphism f ∈ S such that fR
(n)
R ⊂ mR. Since
rS(φ) E eS, we have φfg = 0 and fg 6= 0 for some homomorphism
g ∈ S. Thus mR ∩Kerφ 6= 0.
(5) ⇒ (6). Let N be an n-generated submodule of R
(n)
R . Then
there exist homomorphism f ∈ S such that f(M) = N. Let pii be the
projection from R
(n)
R to its i-th component and εi : RR → R
(n)
R be
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the embedding for every 1 ≤ i ≤ n. Since the module R
(n)
R is rela-
tively CS-Rickart to RR, there exists an idempotent e1 ∈ S such that
Kerpi1f E e1R
(n)
R . This implies that Kerf ⊂ Kerpi1f . Now consider the
homomorphism pi2f|e1R(n)R
. For some idempotent e2 ∈ S we have the
inclusions Kerf ⊂ Kerpi2f|e1R(n)R
E e2R
(n)
R and e2R
(n)
R ⊂ e1R
(n)
R . Fur-
thermore, we obtain a family of idempotents e1, . . . , en ∈ S such that
R
(n)
R = e1R
(n)
R ⊕ P1, e1R
(n)
R = e2R
(n)
R ⊕ P2, . . . , en−1R
(n)
R = enR
(n)
R ⊕ Pn,
where every P1, . . . , Pn is isomorphic to a submodule of RR, and
Kerf ⊂ Kerpi1f E e1R
(n)
R ,
Kerf ⊂ Kerpi2f|e1R(n)R
E e2R
(n)
R ,
· · ·
Kerf ⊂ Kerpinf|en−1R(n)R
E enR
(n)
R ,
enR
(n)
R ⊂ . . . ⊂ e2R
(n)
R ⊂ e1R
(n)
R .
Then we have Kerf ⊂ Kerpi1f ∩Kerpi2f|e1R(n)R
∩ . . .∩Kerpinf|en−1R(n)R
E
enR
(n)
R . If p ∈ Kerpi1f∩Kerpi2f|e1R(n)R
∩. . .∩Kerpinf|en−1R(n)R
, then f(p) =∑
1≤i≤n εipiif(p) = 0. Thus Kerf = Kerpi1f ∩ Kerpi2f|e1R(n)R
∩ . . . ∩
Kerpinf|en−1R(n)R
and therefore Kerf E enR
(n)
R . Since R
(n)
R = P1 ⊕ . . . ⊕
Pn⊕enR
(n)
R , implies N = f(R
(n)
R )
∼= P1⊕. . .⊕Pn⊕(enR
(n)
R /ker(f)). 
Now we describe the right weakly semihereditary rings.
Theorem 4.4. The following conditions are equivalent for a ring R:
(1) Every finitely generated projective right R-module is CS-Rickart.
(2) The free R-module R
(n)
R is a CS-Rickart module for every n ∈ N.
(3) Matn(R) is a right ACS ring for every n ∈ N.
(4) For some positive integer m, every finitely generated right ideal
of the ring Matm(R) has the form P⊕S, where P is a projective
Matm(R)-module and S is a singular right ideal of Matm(R).
(5) R is a right weakly semihereditary ring.
(6) Every finitely generated submodule of projective right R-module
has the form P1 ⊕ . . . ⊕ Pn ⊕ S, where every P1, . . . , Pn is a
projective module which is isomorphic to a submodule of RR
and S is a singular module.
Proof. The equivalent of (1), (2), (3), (5), (6) is deduced from Theorem
4.3.
(4) ⇒ (2). Let R
(n0)
R be a finitely free right R-module. Choose a
natural number k such that km > n0, Theorem 4.3 implies that the
ring Mk(Mm(R)) ∼= Mkm(R) is a right ACS ring. Theorem 4.3 and
Lemma 2.1 then infer that the module R
(n0)
R is a CS-Rickart module.
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(5)⇒ (4) Theorem 4.3 implies that for every natural number k, the
ring Mkm(R) ∼= Mk(Mm(R)) is a right ACS ring. The implication is
drawn from Theorem 4.3. 
We call a ring R is a right weakly hereditary ring if every right ideal
of R is of the form P ⊕ S, where PR is a projective module and SR
is a singular module. From [3, Theorem 3.2.10], right co-H-rings are
right weakly hereditary rings. In particular, weakly hereditary rings
are Artinian serial rings and QF-rings. For a right Artinian ring, we
have the following corollary.
Corollary 4.5. Let R be a right Artinian ring. Then the following
conditions are equivalent:
(1) Matn(R) is a right essentially Baer ring for every n ∈ N.
(2) R is a right weakly hereditary ring.
The next corollary is a result of the previous theorem, Lemma 2.7
and the fact that R is a right nonsingular ring if and only if Matn(R)
is a right nonsingular ring for all positive integer n.
Corollary 4.6 ([16, Theorem 3.6]). The following conditions are equiv-
alent for a ring R:
(1) Every finitely generated projective right R-module is a Rikart
module.
(2) The free R-module R
(n)
R is a Rickart module for every n ∈ N.
(3) Matn(R) is a right p.p. ring for every n ∈ N.
(4) R is a right semihereditary ring.
(5) The ring Matn(R) is a right semihereditary ring for some nat-
ural number n.
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